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1. Introduction 

In 1925, R. Nevanlinna obtained the Second Main Theorem for mero- 
morphic functions and posed the problem whether the the Second Main 
Theorem can be extended to small functions (See [I].). Dealing with the 
problem, Q. T. Chuang proved the Second Main Theorem still holds for 
small entire functions (See [2], [3].). Until 1986, the problem was solved by 
N. Steinmetz (See [!]•)• in 2000, M. Ru proved the Second Main Theorem 
concerning small meromorphic functions for algebroid functions (See j5].)- 

It is natural to consider the problem whether the Second Main Theorem 
for algebroid functions is still true when we replace the small meromorphic 
functions by small algebroid functions. Before considering the problem, we 
must define the arithmetic, differential operations over algebroid functions. 
Hence we give the definition of meromorphic function element, algebroid 
mapping and construct the algebroid function family Hyy- In H\y the arith- 
metic, differential operations is closed. On basis of these works, by using the 
method of Reference [6], we proved the Second Main Theorem concerning 
small algebroid functions. 

Suppose that A v (z),--- ,Aq(z) are analytic functions without common 
zeros in the complex plane C. Then the binary complex equation 

V(z, W) = A v {z)W v + A v ^x{z)W v ~ l + ■■■ + A (z) = 
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defines a v- valued algebroid function W(z) in the complex plane C. The 
above equation can be transformed to the standard equation 

y*(z, W) = W V + A*_ l (z)W v ~ 1 + ■■■ + A* (z) = 0, 

where A*(z) := ^(z) = ^' ^' ^> ' ' ' > v ~ ■"•) are meromor phic functions in 
the complex plane C. Note that for a u- valued algebroid function W(z), its 
standard equation is unique. 

If ^f(z, W) is irreducible, then the corresponding T^(z) is called a v- valued 
irreducible algebroid function. For an irreducible algebroid function W(z), 
the points in the complex plane can be divided to two classes. One is a set 
T\y of regular points of W(z), the other is a set Sw = C — Tw of critical 
points of W(z). The set Sw is an isolated set (See [7J, [8].). 

In this paper, ty(z,W) needn't be irreducible in the usual case. A v- 
valued algebroid function W(^) may decompose to n(> 1) number of Un- 
valued irreducible algebroid functions (containing the case W is a complex 
constant) and v = YTj=x v j- 

For a v- valued reducible algebroid function W(z), its corresponding bi- 
nary complex equation ^>{z, W) = can be decomposed to the product of 
q{< v) non-meromorphic coprime factors, namely 

$(z, W) = ^ x {z, W)^ 2 (z, W)--- $ q (z, W) = 0. 

Let Sj denote the set of critical points of the irreducible complex equation 
^t(z, W) = 0. We define the set of critical points of reducible algebroid func- 
tion W{z) by Sw '■= U| =1 Sj (Since {Sj}(j = 1, • • • ,q) are all isolated sets, 
Sw is also an isolated set.), the set of regular points of reducible algebroid 
function W(z) by Tw '■= C — Sw- 

Remark 1.1. If q = 1, then W(z) is an irreducible algebroid function. 

Remark 1.2. // (q(z), b) is a polar element or a multivalent algebraic func- 
tion element, then b G Sw- 

Remark 1.3. For every a £ Tw, there exist and only exist v number of 
regular function elements {(wt(z), a)}^ =1 . In this paper, we usually denote 
W(z) = {wj(z)}j =1 . If there exists 1 < t < j < v such that wt(z) = 
Wj(z), then the complex equation i^{z, W) = must have non-meromorphic 
function multiple factor. 

In this paper, we use the standard notations of the value distribution for 
algebroid functions (See [7J.). 

2. Some basic properties of algebroid functions 
Definition 2.1. Let W{z) and M(z) be two algebroid functions defined by 

V 

*(*, W) = A v {z)W v +A v _ l (z)W v ~ 1 +- ■ -+A {z) = A v {z) \[{W- W] {z)) = 0, A v {z) # 

3=1 

(2.1) 
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and 

s 

$(z, M) = B s (z)M s +B s _ 1 (z)M s ~ 1 +- ■ ■+B (z) = B s (z) \\{M-m t {z)) = 0, B s (z) £ 0, 

i=l 

(2.2) 

respectively, W(z) and M(z) are called identical, write W(z) = M(z), pro- 
vided that v = s and the corresponding coefficients are proportional, namely 

A v (z) Ay-^z) _ _ A (z) 
W ' B v (z) B v ^(z) B (zY 

Since the coefficients of the equations (2.1) and (2.2) haven't common 
zeros, E{z) is a nonzero constant or an analytic function without zeros. 

Theorem 2.1. Suppose that W(z) = {wj(z)} v J=1 and M(z) = {m t (z)}f =1 
are two irreducible algebroid functions defined by (2.1) and (2.2), respec- 
tively. The following conditions are equivalent: 

(1) W{z) = M(z). 

(2) There exist some regular function elements (wj(z),b) ofW(z) and 
(m,j(z),b) of M(z) such that (wj(z),b) = (rrij(z),b). 

(3) The eliminant R(ty, $) = 0. 



Proof. (1)=K3): 

V V 

<&) = A s v {z) J] wj{z)) = E{z)A s v (z) \\ w 3 (z)) = 0. 

3=1 3=1 

By the property of the eliminant, the first equal sign holds (See [9].). Then by 
Definition 2.1, we get the second equal sign. Since (vjj(z), z)(J = 1, • • ■ , v )are 
regular function elements belong to (2.1), ^f(z, Wj(z)) = in some neighbor- 
hood of z. Combining the identical principle of analytic functions, we get 
the third equal sign. 
(3)^(2):Since 

V V s 

R(9, $) = K{z) \\ Wj (z)) = A s v (z)Bl(z) [J \{(w 3 (z) - m t (z)) ee 0. 

3=1 3=1 *=1 

there at least exists some term Wj{z) — m%{z) = 0. Hence there exist some 
regular function element (u>j(z),a) of W(z) and (mj(z), a) of M(z) such 
that (wj(z),a) = (mj(z),a). 

(2)=>(1): Since the irreducible algebroid function is a connected Riemann 
surface, the two identical regular function elements can be continued ana- 
lytically to their Riemann surface respectively, such that the corresponding 
regular function elements are all identical. Hence v = s. Then combining 
the Viete theorem, we get 

aW) = = ^(-^^ • • • (*)(* = 0, 1, 2, • • • , v-1), 
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where w m (z),w n2 (z), ■ ■ ■ , w nv _ t (z) denote any given v — t distinct elements 
among w\(z), • • • , w v (z). From this we can obtain (1). □ 

Note that by Theorem 2.1, an irreducible algebroid function W(z) can 
not contain two same regular function elements. 

Theorem 2.2. Suppose that W(z) = {(wj(z), B(a, r a ))}?- =1 is a v-valued 
algebroid function defined by (2.1). If it contains two same regular function 
elements, then there exist two same m-valued (2m < v) algebroid functions 
decomposed from W(z). Hence W(z) is reducible. 

Proof. Suppose that (wj(z), B(a,r a )) = (w t (z), B(a,r a )). Then 

R(*,* w ) = (-l) vJ ^ 1 A 2 v v-\z) [] ( Wj (z)-w t (z)) 2 = 0. 

l<j<t<v 

By Theorem 2.4 in reference [7], ^(z, W) must have the non-meromorphic 
function multiple factor. Hence there exist two same m-valued (2m < v) 
algebroid function decomposed from W(z). So W(z) is reducible. □ 

Definition 2.2. Meromorphic function element is defined by (q(z), B(a, r)), 
where q(z) is analytic in the disc Bo(a,r) := {0 < \z — a\ < r} and 
a is not a essential point. So q(z) can be expressed by Laurent series 
l( z ) = J2^Lt a n( z ~ a ) n ( a t 7^ 0). We also denote it by (q(z),a). If the 
above t < 0, then we call (q(z),a) is a truth meromorphic function element. 
Especially if q(z) = c (c denotes a constant.). 

Two meromorphic function elements (q(z),a) and (p(z),b) are called iden- 
tical provided that a = b and there exists r > such that q(z) = p(z) in the 
disc Bo(a, r). 

If q(z)) = holds for any z £ Bo(a,r), then (q(z),a) is called a mero- 
morphic function element of algebroid function W(z) or ^(z, W) = 0. 

Remark 2.1. The regular function element is also the meromorphic func- 
tion element. 

Definition 2.3. The regular function element (p(z), B(b, Rb)) is called the 
direct continuation of meromorphic function element (q(z), B(a, R a )) pro- 
vided that b € B(a,R a ) and in the domain B(a,R a ) n B(b,Rf,) we have 
p(z) = q(z). 

For any e € (0, R a ), the set of meromorphic function element (q(z),B(a, R a )) 
and all direct continuation of meromorphic function element (q(z), B(a, R a )) 
in the disc Bo(a,e) is called a neighborhood of (q(z), B(a, R a )). We denote 
it by V e (q(z),a). 

Remark 2.2. For any given point in Bo(a,R a ), the direct continuation is 
uniqueness. 

Remark 2.3. The direct continuation of meromorphic function element 
must be regular function element. Hence the truth meromorphic function 
element is isolated. 
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Definition 2.4. LetW(z) = {(w a j(z), a)} be av-valued algebroid function, 
h is called an algebroid mapping ofW(z) if h satisfies the following condi- 
tions. 

(i) Uniqueness: For any regular function element (w a j(z),a), its image ele- 
ment h o (w a j(z), a) = (ho w a j(z), a) is meromorphic function element and 
unique. 

(ii) Continuation: For any image element (h o w a j(z), a), there exists e = 
e(h o w a j(z), a) > such that for any regular function element (wb(z),b) £ 
V e (w a j,a), we have (howb(z),b) € V e (h o w a j , a) . 

(Hi) Weak boundary: If a £ Syy, then h is weak bounded at the neighborhood 
of a. Namely there exist integer p > 0, real numbers r > and M > 0, 
such that for any b € B^(a,r) := {z;0 < \z — a\ < r} C Tyy and any 
t = 1,2, ■■■ ,v, the corresponding image element (h o t(z), b) are all the 
regular function elements and satisfies \(b — a) p h o < M. 

Theorem 2.3. Let h be an algebroid mapping of v-valued algebroid function 
W(z) = {(w a j(z), a)}. Then 

(1) ho W(z) := {(h o w a j(z), a)} is a v-valued algebroid function. 

(2) If W(z) is irreducible, then h o W(z) is irreducible if and only if h is 
injective. Namely ho (w(z),a) ^ ho (m(z),b)) when (w(z),a) ^ (m(z),b), 
where (w(z),a) and (m(z),b) are regular function elements. 

Proof. For any z$ € Tyy, if there exists some truth meromorphic func- 
tion element among the corresponding meromorphic image elements {(ho 
w z ,j(z), zo)}^=i) then zq is called a pole of h. We denote by Ph the set of 
poles of h. By the continuation of h, we know that Ph is an isolated set. 

(l)Firstly we define the analytic functions {Ht( z )}t=o * n ~ Ph- For 
any zq 6 T\y — Ph, the corresponding image elements {(ho w zo j(z), zo)}J =1 
are all regular function elements. Set 

H t( z o) = ^(-^) v ~ t [how zo j 1 (z )]-[how zo j 2 (zo)]-...ihow zo j v _ t (z )], t = 0, 1, 2, v-1. 

By the continuation of h, there exists e, such that for any y G B(zq,e), the 
corresponding image elements {(h o w y j(z),y)} are the direct continuation 
of {(how ZQ j(z), zq)} respectively. Namely we have how y j(z) = how Zo j(z) 
in the neighborhood of y. So we have 

H* t (y) = ^(-1)"-*^ o w vJl (y)] ■ [h o w y , h (y)} ■ ... ■ [h o w y , jv _ t (y)} 

= ^(-ir~*[^ ° Wz ,jAv)\ ■ [h o Wz , j2 (y)] ■ ... • [h o w Zodv _ t (y)]. 
Hence in B(zq, e), for any t = 0,1, v — 1 we have 

A?W = T,(- 1 ) V ~ t V low ™W ■ [how zo , h (z)\ ■ ... ■ [how zo , jv _ t (z)\. 
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So {Ht(z)} is analytic in B(zo,e). By Viete theorem, they define the fol- 
lowing complex equation 

V 

$*( z , W) = W V + K-iitW' 1 + ... + H*(z) = ]J[W - h o w Z(hJ (z)} = 

and $*(z,how ZQ j(z)) = in B(zo,e). Since zq is arbitrary, {H^(z)}^~q are 
analytic in T\y — P^. 

When zq € Sw U Ph, since h is weak bounded, zq is the isolated singu- 
lar point and is not the essential isolated singular point of {H£(z)}. This 
shows that {H% (z)}fZo are meromorphic in the complex plane and the cor- 
responding complex equation $*(z, W) = defines the algebroid function 
hoW(z). 

(2)Suppose that h is injective. For any two regular image elements (h o 
w a j(z), a) (howf, t{z), b), they define uniquely two distinct regular primary 
image elements (how a j(z), a) / (how^tiz), b). Take a path 7 C TwDT^ow 
such that two primary image elements can be continued analytically each 
other along 7. By the continuation of h, we know that (h o w a j(z), a) and 
{h o Wb :t (z), b) can be connected by 7. Hence h o W(z) is irreducible. 
Conversely suppose that there exist two different regular function elements 
(w a j(z), a) / (w a j(z),a)(j ^ t) such that the corresponding image elements 
(howj(z),a) = (h o wt(z), a)). Then by Theorem 2.2, hoW(z) is reducible. 

□ 

Definition 2.5. Suppose that W(z) = {(wj(z),a)} is a v-valued algebroid 
function defined by the following complex equation 

*(z,w) = A v (z)W v + A v -i(z)W v ~ 1 + ... + A x (z)W + A (z) 

= A v (z)(W - Wl (z))(W - w 2 (z))...(W - w v (z)) = 0, 

and f(z) is meromorphic in the complex plane C. 

1) Define h-w (wj(z), a) := (—Wj(z),a). By Viete theorem, the complex 
equation with respect to h^w W(z) is 

V-w(z,w) := A v (z)(W - (- Wl (z)))(W - (-w 2 (z)))...{W - (-w v (z))) 

= A v (z)W v - A v - 1 (z)W v ~ 1 + ... + (-l)Mo(z) = 0. 
The v-valued algebroid function h-w W(z) is called the negative element 
ofW(z). We denote it by —W(z), denote the algebroid mapping h-w by 
-h. 

2) Define h-^jw ( w j( z )i a ) := ( w \ z ) 1 Q )-ffi/ Viete theorem, the complex 
equation with respect to hi/ w W(z) is 

* 1/w (z,w) := A v (z)(W - -4t)(W - -4t)...(W - -4t) 

wi{z) w 2 (z) w v (z) 

= A {z)W v - A^W"- 1 + ... + A v (z) = 0. 
The v-valued algebroid function h\jw W(z) is called the inverse element 
ofW(z). We denote it by y^j, denote the algebroid mapping hi/ w by jk 
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Remark 2.4. Especially, W(z) = is a/so i/te algebroid function. Its in- 
verse element is defined as pp^y = oo and pp^y is also the algebroid function. 

3) Define hf o (wj, a) = (f(z),a). It is easy to prove that hf satisfies Def- 
inition 2.4- So hf is an algebroid mapping. By Theorem 2.3, The v-valued 
algebroid function hf o W(z) = {f(z)} are v same meromorphic functions 
f(z). Especially, iff(z) = c € C, then the algebroid function h c oW (z) = {c} 
degenerates into v same finite or infinite complex constants. 

4) Define h\y> o (wj(z),a) = (w'j(z) , a) . It is easy to prove that hw' sat- 
isfies the conditions 1, 2 of Definition 2.4- If zo £ Sw , then in Bo(zo,r) := 
{0 < \z — zo\ < r} we have 

oo 

q t {z) := a n,ti z ~ ao) nA % t = 1,2, ...,m, 

n=u t 

where Xt is a positive integer, u t is an integer and YltLi M = v. It is easy 
to see that 

oo . 
na n t — * 

h W ' ° qt{z) = ) ^ — —^{z -ao) x t , t = 1, 2, m 
M 

n=ut 

is weak bounded. By Theorem 2.3, hw> ° W(z) defines a v-valued algebroid 
function. We call it the derivative ofW(z). We denote it by hw o = 
W'(z). The complex equation with respect to W'(z) is 

*'(z,w) := B v (z)(W' - w[{z))(W' - w' 2 (z))...(W - w' v {z)) 

:= B v (z)(W') v + B v -i(z)(W') v ~ 1 + ... + BxWW + B (z) = 0. 

Definition 2.6. Let W(z) = {(wj(z),a)}^ =l be a v-valued algebroid func- 
tion. The set of all algebroid mappings of W(z) is denoted by Y\y. The 
set 

H w := {h o W(z); h G Y w } 
is called the algebroid function class of'W(z). 

Set 

X W := {/ G H w ; T(r, f) = o[T(r, W)] (r -+ oo, r £ E f )}, 

where Ef is a real number set of finite linear measure depending on f. Xyy 
is called the small algebroid function set ofW(z). The element in X\y is 
called the small algebroid function ofW(z). 

Note that the set Xw contains all the finite or infinite complex constants, 
all the small meromorphic functions and all the small algebroid functions. 

Definition 2.7. Let the set of all algebroid mappings of W(z) be Yw and 
Hw := {h ° W(z); h € Yw}- For any hi, h 2 € Yw, define 

1) Addition: {hi + h 2 ) o W(z) = hi o W(z) + h 2 o W(z). 

2) Subtraction: (hi - h 2 ) o W(z) = hi o W(z) -h 2 o W(z). 

3) Multiplication: (hi ■ h 2 ) o W(z) = (hi o W(z)) ■ (h 2 o W(z)). 



8 



4)Division: (fi) o W(z) = h x o W(z) ■ ± o W(z). 

It is easy to prove that they satisfy Definition 2.4- Hence they are all al- 
gebroid mappings. So H\y is a linear space and is closed with respect to 
Multiplication and Division. 

Suppose that {aj(z)},{bi(z)} are two group of analytic functions denned 
in the complex plane C, without no common zeros. The function 

a n (z)w n + a n „i(z)u7 n_1 + ... + a (z) 

q\z,W\ := 1—, ; 1—, : ; . . 

Hl J b m (z)w m + b m ^(z)w m ' 1 + ... + bo(z) 

is called rational complex function with meromorphic coefficients. The set 
of all rational complex functions with meromorphic coefficients is denoted 
by Q[z, w]. By the above definition, Definitions 2.5 and 2.6, for any q[z, w] G 
Q[z, w], qo {(vjj(z), a)} = {(q[z,Wj(z)],a)} G H\y is the algebroid function. 
So q[z, w] G Y\y- 

Especially, when Q(z) is a single valued rational function defined in the 
complex plane, QoW(z) := {Qowj(z), a} is the v- valued algebroid function. 
If W(z) is irreducible and Q is linear, then Q o W(z) is irreducible. If 
q[z,w] = w G Q[z,w], then qo {(wj(z), a)} = {(wj(z), a)} = W(z) is an 
identical mapping. 

Theorem 2.4. Suppose that h is an algebroid mapping of v-valued irre- 
ducible algebroid function W(z) = {(wj(z), a)}. IfhoW(z) is reducible, 
then it can split to n(> 1) number of m-valued irreducible algebroid func- 
tions and v = mn. 

Proof. By Theorem 2.3, we know that h isn't injective. Namely there exist 
two regular function element (wi(z),a) ^ (w2(z),a), such that the image 
elements {h o wi(z), a) = (h o W2(z), a). By Theorem 2.2, hoW(z) = 
{(h o vjj(z),a)} can split at least two equal m-valued (2m < v) algebroid 
functions 

hoWi{z) = {(ho Wl (z),a)} = hoW 2 {z) = {(how 2 (z),a)}. 

If 2m < v, then there exist the regular function elements 

(how 3 (z),a) ehoW{z)-hoW 1 (z)-hoW 2 {z) 

and (h o 104(2), a) G h o W\(z) = {(h o 101(2), a)} such that (h o w^(z), a) = 
{h o W4(z), a) (Otherwise, since the primary images (103(2), a) and (^4(2), a) 
are connected, [h o ws(z), a) and (ho w^(z), a) are also connected, which 
contradicts the fact that W\(z) is an alhgebroid function.). Hence by The- 
orem 2.1from (h o ws(z), a) we can continue a m-valued algebroid function 
h o Ws(z) such that it equals to h o 1^(2). This work doesn't stop until we 
get n same m-valued algebroid functions with nm = v. □ 

Corollary 2.1. Suppose that h is an algebroid mapping of v-valued irre- 
ducible algebroid function W(z) = {(wj(z),a)}. If v is prime, then hoW(z) 
is irreducible or v same meromorphic functions. 



Dealing with the addition of two v-valued algebroid functions, we get the 
following result. 

Theorem 2.5. Let W(z) = {(w t (z),a)} and M(z) = {(m t (z),a)} e H w be 
two v-valued algebroid functions. Then 

T(r, W + M) < T(r, W) + T[r, M) + log 2. 
T(r, W ■ M) < T(r, W) + T(r, M). 

Proof. Suppose that W(z) and M(z) are decomposed to v simple-valued 
branch and {M t (z)} in the cutting complex plane. Then 



m(r,W + M) = - m(r,W t {z) + M t {z)) 
V l<t<v 

= - V — / log+ \W t {re id ) + M t (re i9 )\de 
< -(v\og2 + V— / \og + \W t (re i6 )\de + V— / log + |M t (re*)|d0) 



m(r, W(z)) + m(r, M(z)) + log 2 

N(r, W + M) = - r n(t,W + M)-n { Q,W + M) dt + n(0,W + M) 

f Jo * v 

< 1 r W (t,W)-n(0,iy) A| n(0,tf) 1 r n(t,M) -n(0,M) dt | n(0, M) ^ 

./n * v r ./() 

= AT(r, W) + iV(r, M). 



1 1 f 2v 

m(r, W • M) = - V — / log+ |W t (re i0 )M t (re ie )|^ 

^ ~(E 5" / lo § + 1^(^)1^ + V — / log + |M t (re*)|d0) 
^ ^ 2vr 7 ^ 2vr 7 

= m(r, W(z)) + m(r, M (z)). 

Ar/ 1 /" r n(t, W ■ M) - n(0, W ■ M) n(0,W ■ M) , 
N(r, W ■ M) = - / '- K — '-dt + '- lnr 

< i r„( t , ty) -„(o,> y ) (it+! Ho 1 H0 lnr+ i r„( t ,M)-„ ( o,M) „(o 1 M) liir 

V Jo t V V J t V 

= N(r,W) + N(r, M). 
Hence we get the conclusions of Theorem 2.5. □ 
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3. Nevanlinna's second main theorem concerning small 
algebroid functions 

Since in H\y, elements in X\y can make addition, subtraction, multiplica- 
tion, division and differential, we have conditions to investigate the theorem 
concerning small algebroid functions. Referring to the method in [2, 6], we 
firstly obtain the Second Main Theorem concerning small algebroid func- 
tions. 

Lemma 3.1. Suppose that W(z) = {(wt(z), a)} is a v-valued nonconstant 
algebroid functin in {\z\ < R}, and {o.j{z)} p - = Q C Xyy are q distinct small 
algebroid function with respect to W(z). Then for any r £ (0, R), we have 

q 1 q 1 

\m(r,y^ JTr , -r-) - y^m(r, — )| = S(r, W), 

fr[W{z)-a ] {z)' W(z)- aj (z) n 

where 

S(r,W) =0(log(rT(r,/))), (r -»• oo, r & E), 
E is a positive real number set of finite linear measure. 

Proof. By using the tree Y through all branch points of W(z), we cut 

into v singule- valued branch {Wt(z)}^ =1 . Accordingly, we cut every a,j(z) 

into v singule-valued branch {a,j,t(z)}t=i- For any t = 1,2, ...,v, set 

i 1 



w^vwrz&i (3 ' 1) 



and 

i 



(^^E"( ^ <(2) ' a ., M )+'°E3- (3-2) 



my 

3=1 

In order to obtain the lower bound of m(r, Ft), for any z, set 



5 t {z) := min {\a jjt (z) - a u>t (z)\} > 0. 

±<j <u<q 

Note that 5t(z) is the function of z, by the uniqueness theorem, its zeros 
must be isolated. Take arbitrary z G {z;St(z) / 0}. 
Case 1. If for any j E {1, 2, q}, we have 

\W t (z)-a ht (z)\> 5 -^, 

then 

Wt{z) -a jtt (z)\ 5 t (z) 
Case 2. If there exists some u G {1, 2, q} such that 

\W t (z)-a u , t (z)\< 6 -^. (3.4) 
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Then when j ^ u, we have 

\W t (z)-aj, t (z)\ > \a u ,(z)-a ht {z)\-\W t {z)-a u ,{z)\ > S t (z)- 6 -^ = ^«5 t 
Hence by (3.4) we get 

1 1 2q . . 

< 7T— TT^V (3-5) 



\W t (z) - a jtt (z)\ ~ 2q-lS t (z) 
< 

By (3.1) and (3.6) we get 



K 2q-l\W t (z)-a u , t (z)\- ^ 



|Wi(z)-a u , t (z)| ^IWi^-a^z)! 
1 g-1 1 1 



\W t (z)- c^t (z)\ 2q-l \W t (z) - a u , t (z)\ 2\W t (z) - a u>t (z)\ 
Then by (3.5) we get 

log+ \F t (z)\ > log+ — 1 - log 2 

\W t {z) - a Ujt {z)\ 

q 1 1 

= ^ \W t {z) - a ht {z)\ ~ E lo § + \ Wt {z) - a ht {z)\ ~ l0g 2 

> Vlog+ Vlog+ log 2 



El , 2q 

j=1 \W t (z) - aj, t (z)\ S t (z) 

Combining (3.3), in two cases we have 



9 



log+ \F t (z)\ > £log+ 1 --, - qlog+ - log 2. (3.7) 

By definition, for any z G |z;<5i(z) 7^ 0}, there exists j(z) / u(z) such that 

= a j(z)A z ) - a u(z)A z )- Hence we s et 

J_ = 1 < y I . 

St(z) \a j(z) , t (z) - a u(z):t {z)\ x <^ u < q \ a jA z ) ~ a u ,t( z )\ 

So 

1 f 27T ] + de v 1 f 2n ] + de 

Wo n Mf&) ~ ij^^to J n \a J , t (re^)-a u , t (re^\ + ° { > 
= ^ m(r, a jtt - a U;t ) + 0(1) < T(r, a jjt - a u , t ) + 0(1) < 

= D T ( r > + T ^ Ml + 0(1) = 5(r, W). (3.8) 
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Write z = re t6 , integrating (3.7) and combining (3.8), we get 

q 



m(r,F t ) > m(r, 



3=1 



+ 5(r,W). 



Then by (3.2), we get 



So 



|m(r, F t ) - V m(r, , 

\W t (z) - a jAz) \ 



\m(r, F t {z)) — ™(r, 



)\<S(r,W). 



i 



W(z) - a j>t ( z) 



1 1 



t=i 



v 

3=1 t=l 



\W t (z) - a jMz 



^ v q 

< — \ m { r i Ft) — m ( r i 



t=i 



3=1 



\W t {z) - a j)t{z) [ 



< S(r, W). 



□ 



Lemma 3.2. Suppose that W{z) is a v-valued nonconstant algebroid functin 
in {\z\ < R} and n is a positive integer. Then w ^ is the differential 
polynomial of . 

Proof. When n = 1, the conclusion holds cleary. 
Suppose that for n = t we have 

W^> W 

where P{y^) is the differential polynomial of Since 

(~W^ = ~~w W ' W 

= ( )' H 

w y w ' w w 

w w w 
= [P(— )]' + P(— ) . — 

is the differential polynomial of ^r. 
Lemma 3.3. Let f 1: f 2 , fk, 9 G H\y ■ Then 
fi f'2 ■■■ fk 

fl $2 ' " fk 



□ 



W(/l,/2, -.A) :-- 



yr(fc-l) f(k-l) 



f-' 
■Ik 



(fc-1) 



gk W (l± h Jk 

9 9 9 
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Proof. (1) When k = 2, we have 



9 2 W( f -,-)=9 2 
9 9 



h h 

9 9 



9 



h 

9 



fig-fig' fig-M. 



2rhf29 - hf29 / f2f\9 - f2fl9' t t i , ,, „ Tlt , , 

= 9 [ -3 -3 J = /1/2 - /2/1 = H/(/i,/ 2 ). 

y y 

(2) Suppose that for positive integer /c, we have 
9 9 9 

Then for k + 1, we have 



g k + i w{ fi^h^^fk^fk ± i )=gk+1 



5 j *■*) j 

5 ff 5 5 



(-)' 



(-)' 

v g 1 



h 
g 

thy 
v g ' 



fk+l 

1 fk+i y 



(h\{k-l) fh\(k-l) ... r/fc)(fe-l) f fk+i \(k-D 
(£)(*) (/k)(fc) ... (/fe)W (A+I)(*0 



fc+l 



^ 9 5'"'' 5 ' 5 9 

k+l . 
n=l ^ 

= sE(-i)* +1 "E^ ) (-) N) ]^(/i,^»-ij^i,.jw) 

n=l j=0 ^ 

fc fc+1 

= 9 £ E(-l) fc+1 " n /^' ^(/l, /n-l, /n+1, /fc+l)] 



j=0 



n=l 



^ C fc ( I )M 



gC^ik-k) 



h h 

(A)' (/ 2 y 

(/i)( fc-D (/2)( fc-i) 

(/ 2 ) {J) 

/1 h 
(AY (h)' 



fk fk+l 
(fk)' (/fc+l)' 

(fk)^ (/fc+l)^ 
(fk) U) (fk+l) U) 

fk fk+l 
(fk)' (fk+l)' 



= W(fi, f n -l,fn, /n+1, /fc+l)- 

So the conclusion of Lemma 3.3 holds. 



(fk) [k - 1] (fk+i)^ 
(/fc) (fc) (fk+i) {k) 



□ 
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Lemma 3.4. Suppose that A q = {aj := ctj(z)}j =1 C Xy/ are q>l distinct 
small algebroid fuctions. Let L(s,A q ) denote the vector space spanned by 
finitely many oJ^a^ 2 ...a q q , where integer pj > 0(j = 1, 2, ...,q) andY^j = \Pj = 
s(> 1). Let dim L(s,A q ) denote the dimension of the vector space L(s,A q ). 
Then for any e > 0, there exists s > 1 such that 

dim L(s + I, A q ) <1 + e 
dim L(s, A q ) 

Proof. Let G(s, A q ) denote the set of the form a^af 2 ■■■a p q , and let #(a, A q ) 
denote the number of distinct element of G(s,A q ). 

Using mathematical induction, we firstly prove that for any q > 0, s > 0, 
we have 

#(s + l,A q ) = C s q + 1 s . (3.9) 

When q = l, for any integer s > 1, #(s + 1, A{) = 1 = (3.9) holds. 

When g = 2, for any integer a > 1, #(s + 1, A 2 ) = s + 2 = C^\. (3.9) 
holds. 

Suppose that for q = k and any integer s > 1, we have #(s + 1, A&) = 
C£+*. Then for </ = k + 1, we have 

#(s + 1, A fc+ i) = #(a + 1, A fc ) + #(a, A fc ) • #(1, A x ) + #(a - 1, A fc ) • #(2, Ai) 

+... + #(l,A fc )-#(s,Ai) + #(s + l,Ai) 
= #(s + 1, A fc ) + #(s, A fc ) + #(a - 1, A k ) + ... + #(2, A fc ) + #(1, A k ) + 1 

s 

= Cfc+s + Cfc+s-l + + ••• + C k+1 + C k + 1 = 1 + ^2 C k+j- 

3=0 

Since c£g +1 = C{ + + ) + C{ +p C{ + + ) = C£+J +1 - C{ +j . Substituting it into 
the above equality, we get 

s 

#(* + 1, A k+l ) = 1 + £(C£g +1 - C{ +3 ). 

3=0 

= i + ( C k+l+l~ C k+s) + ( C k+s~ C k+l-l) + ( C ^ 

+ (Cfc+4 ~~ Cfe+3) + (Cfc+3 ~~ + (Cfc+2 ~~ Cfe+l) + ~~ Cfc) 

Then we prove that for any q > 0, s > 0, we have 

9(9 + 1)**. (3.10) 

When q = 1, for any integer a > 1, Cj^ = 1 < 2a. (3.10) holds. 
When 9 = 2, for any integer a > 1, C^ 1 = s + 2 < 6s 2 . (3.10) holds. 
Suppose that for q = k and any integer a > 1, we haveCjg < fe(A; + l)s fc . 
Then for 9 = + 1, we get 

C k+s+l ~ U k+s 1 S K\K + 1)8 
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= (k + l)s k (k + s + 1) = (k + l)(k + 2)s k+l k r +S + 1 <(k + l)(k + 2)s k+1 . 

ks + 2s 

This shows that (3.10) holds. Combining (3.9), for any q > 0, s > we have 
dimL(s + 1, A g ) < #(s + 1, A q ) = C s q %\ < q(q+l)s q . (3.11) 
Finally if Lemma 3.4 doesn't hold, then for any integer s > 1, we have 
dimL(s + l,A q ) > (1 + e) dimL(s, A q ). 

Hence 

dimL(s + l,A q ) > (1+e) dim L(s,A q ) > ... > (l+e) s dim L(l, A q ) > (l+e) s . 
Combining (3.11), we get 

(l + e) s <q(q + l)s q . (3.12) 

But 

lim = oo. 

s— >oo s<? 

This contradicts (3.12). □ 

Theorem 3.5. (Nevanlinna's Second Main Theorem) 

Suppose that W{z) = {(wj(z), a)} is a v-valued nonconstant algebroid 



algebroid functions of W(z). Then for any e € (0, 1) and r > 0, we have 



function in the complex plane C . {aj}j =1 C X\y are q > 2 distinct small 



i | 

m(r, W) + Y, m ( r > ) = (2 + e)T(r, W) + 2JV x (r, + S{r, W). 

j =1 w \ z > a j 

(3.13) 

Its equivalent form is 

i i 

(g - 1 - e)T(r, VF) < iV(r, W) + ^ N ( r , w _ a . ) + 2iV ^ r ' W ) + 5 ( r > W ) 

(3.14) 



or 



i i 

(g - 4v + 3 - e)T(r, W) < N(r, W) + ^ iV(r, — ) + S(r, W). (3.15) 

j=i ~ aj 

Proof. Let A g = {a±, a 2 , a g } and L(s, A q ) denote the vector space spanned 
by finitely many a™ 1 ^ 2 ■■■a q q , where nj > 0(j = 1, 2, q) and Ylj=i n j = s - 
For given s, set dimL(s, A q ) = n. Let 61, 62, 6 n denote a basis of L(s, A q ). 
Set dimL(s + 1, A q ) = k. Let P>i,P>2, -Bfc denote a basis of L(s + 1, 
By Lemma 3.4, for any e > 0, there exists some s such that 

l<-<l + e. (3.16) 

n 

Let 

P(W) := W(B 1 ,B 2 , B k , Wb u Wb 2 , VF5 n ). 
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Since Bi,B 2 , B k , Wh, Wb 2 , Wb n are linearly independent, P(W) ^ 0. 
By the definition of the Wronskian determinant, we get 

n+k—l n+k—l rrrlj) 

p(w) = Y,c P {z) n {w®y» = w»Y. c vW II (-^) Pj - ( 3 - 17 ) 

3=0 3=0 

Since m(r, W' /W) = S(r, W), we get 

m{r, P{W) < nm(r, W) + S{r, W). (3.18) 
By Lemma 3.3, we get 

W{B U B k , Wh, Wb n ) = P(W) = W n+k W{^, ^, h, b n ). 

(i) Suppose that (q(z), zq) is a meromorphic fuction element or multivalent 
algebraic function element of W(z). If zq is a r-fold pole of q(z), by the 
right of the above equality, it can be see that outside the poles of the small 
algebroid functions {Bi},{bj}, the order of pole of P(W) at (q(z),zo) is 
(n + k)r. 

If zq is a zero of q(z), by the left of the above equality, it can be see that 
outside the poles of the small algebroid functions {Bi},{bj}, (q(z),Zo) isn't 
the pole of P(W). 

(ii) For any 1 < t < k, set 

W t (B u B k , Wh, Wb n ) := W(B U B t _ u B t+1 , B k , Wh, Wb n ). 
When k < t < n + k, set 

W t (B u B k , Wh, Wb n ) := B k , Wh, Wb t ^,Wb t+1 , Wb n ). 

Suppose that (q(z), zq) is any A-sheeted algebraic function element of W(z) 
and zq isn't the pole of q(z). Then zq is at most the pole of q'(z) with the 
order A — 1. By Lemma 3.3 we get 

k 

P(W) = Y,l(-l) t+1 Bt ■ W t (B[, B' k , (Wh)', (Wb n )')} 
t=i 

k+n 

+ E [(-l) t+1 Wb t -W t (B' l ,...,B' k ,(Why,...,(Wbn)')} 

t=k+l 

-^[(-1) ^.(Wfe+WftJ W t (_ > ...,_,^ 7> ...,^ 57 ) 

wt) ^ w ^ +wt} t) w t[{why ,..., {why , {wh)t ,..., {why) . 

Hence outside the poles of the small algebroid functions {Bi},{bj}, the order 
of pole of P(W) at (q(z), zq) is at most (A — l)(n + k — 1). 
Combining (i) and (ii), we get 

N(r, P(W)) < (n + k)N(r, W) + (n + k - l)N x (r, W) + S{r, W). 
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By (3.18) we get 

T(r,P(W)) < nT(r,W) + kN(r,W) + (n + k-l)N x (r,W) + S{r,W). (3.19) 
Suppose that a is a linear combination of {cij}, then 

P(W -a) = W(B U B 2 , B k , Wh - ab u Wb 2 - ab 2 , Wb n - ab n ) 
= W{B 1 ,B 2 , B k , Wh,Wb 2 , Wb n ) ± Y, W(B U B 2 , B k , ...), 

where the element behind B k in ^ W(B±, B 2 , B k , ■■■) consists of abj. 

But abj and Bi,B 2 , B k are linearly dependent, so we get J2 W(B\,B 2 , B k , ...) = 

0. Hence we get 

P{W -a) = P(W). (3.20) 
By (3.17) and Lemma 3.2, we get 

P(W) = W n -Q(^), (3.21) 

where Q(y^) is the differential polynomial of Set 

u 'i 

Uj'-W-aj, Qj'-Qi^-), j = l,2,...,q. 

Uj 

By (3.20) and (3.21) we get P(W) = P( Uj ) = u^Qj, namely {w \ ])n = 
p^y. Hence we get 

1 = Igzlj ( 3 22) 

|P(W)|£ 

Set 

By Lemma 3.1, we get 

Mr. F) = ra(r , ± w ^— ) = £ m ( P , + 0,(1). (3.23) 

By (3.22)we get 

Then by (3.19) and (3.16), we get 

1 1 1 q 

m(r, F) < -m(r, — — ) + - £ m(r, Qj) + 0(1) 

j'=i 

< ±T(r, P(W)) - -U(r, -Lj) + S(r, W) 

n 4- k 1 1 1 

< T (r, W) + -N(r, W) + TV^r, W) - -N(r, ——) + S(r, W) 

n n n P(W) 
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< T(r, W) + ^N(r, W) + 2N x (r, W) - ^N(r, + S(r, W). (3.24) 

By (3. 16), (3.23) and (3.24), we get 



El k 
m(r, > . ) < —m(r, W) + m(r, F) 
j=1 W(z)- aj '-n 



< (1 + -)T(r, W) + 2N x (r, W) + S(r, W) 

n 

< (2 + e)T(r, W) + 2N x (r, W) + S(r, W). 
Hence we get (3.13). 

Note that 

m(r, Jj-f^-) < T(r, W - a 3 ) - N(r, + 0(1) 

= T(r, WO - iV(r, -p^^l— ) + 5(r,W). (3.25) 
Substituting (3.25) into (3.13), we get (3.14). □ 

References 

[1] R. Nevanlinna, Zur theorie der meromophen funktionen, Acta Math., 1925, 45: 1-9. 
[2] Q. T. Chuang, line generalisation d'une inegalite de Nevanlinna, Sci. Sinica, 1964, 13: 887- 
895. 

[3] L. Yang, Value distribution theory and its new research, Beijing, Science Press, 1982(in 
Chinese). 

[4] N. Steinmetz, Eine Verallgemeimerung des zweiten Navanlinnaschen Hauptsatzes. J. Reine 

Angcw. Math., 1986, 386: 134-141. 
[5] M. Ru, Algebroid functions, Wirsing's theorem and their relations, Math.Z., 2000, 233(1): 

137-148. 

[6] C. C. Yang, H. X. Yi, Uniqueness theory of meromorphic functions, Kluwer Academic Pub- 
lishers, 2003. 

[7] Y. Z. He, X. Z. Xiao, Algebroidal Function and Ordinary Differential Equations, Science 

Press, Beijing, 1988 (in Chinese). 
[8] Y. N. Lii, X. L. Zhang, Riemann surface, Science Press, Beijing, 1997 (in Chinese). 
[9] A. I. Kostrikin, Introduction to algebra, Higher Education Press, 2007. 
[10] D. C. Sun, Z. S. Gao, On the theorems of algebroid functions, Acta Math. Sin., Chinese 

Series, 2006, 49: 1027-1032. 



